Abstract. The Z 2 -equivariant Heegaard Floer cohomlogy HF Z 2 (Σ(K)) of a knot K in S 3 , constructed by Hendricks, Lipshitz, and Sarkar, is an isotopy invariant which is defined using bridge diagrams of K drawn on a sphere. We prove that HF Z 2 (Σ(K)) can be computed from knot Heegaard diagrams of K and show that it is a strong Heegaard invariant. As a topolocial application, we construct a transverse knot invariant
Introduction
Suppose that a based knot K in S 3 is given. Then we can represent K as a bridge diagram on a sphere, and taking its branched double cover along the points where K and the sphere intersect gives a Heegaard diagram of the branched double cover Σ(K) of S 3 along K. This diagram admits a natural Z 2 -action which fixes the basepoint and the α,β-curves. From these data, Hendricks, Lipshitz, and Sarkar [HLS] gave a construction of the Z 2 -equivariant Heegaard Floer cohomology HF Z2 (Σ(K)), using their formulation of Z 2 -equivariant Floer cohomology theory. They also proved that the isomorphism class of HF Z2 (Σ(K)), which is a F 2 [θ]-module where θ is a formal variable, is an invariant of the isotopy class of the given knot K. Also, the author proved in [K] that HF Z2 (Σ (K) ) satisfies naturality and is functorial under based link cobordisms whose ends are knots.
Given these facts, it is natural to ask whether HF Z2 (Σ(K)) can be computed from bridge diagrams of K drawn on closed surfaces of aribtrary genera, instead of spheres. In section 2, we will see that this is almost always possible, by proving the following theorem. Theorem 1.1. Let E be a weakly admissible extended bridge diagrams representing a knot in S 3 , which has at least two A-arcs. Then HF Z2 (E) HF Z2 (Σ(K)).
Now, given such a fact, we can use it to compute HF Z2 (Σ (K) ) from a weakly admissible knot Heegaard diagram of K. To write it up clearly, choose a weakly admissible knot Heegaard diagram H = (Σ, α, β, z, w) which represents a based knot (K, z) . Add a pair of a small A-arc and a small B-arc connected to w, whose interiors are disjoint; this gives a weakly admissible extended bridge diagram representing K, which has at least two A-arcs. Then taking the branched double cover of the resulting extended bridge diagram and forgetting all basepoints except z gives a Heegaard diagram of Σ(K) together with a Z 2 -action. By Theorem 1.1, the Z 2 -equivariant Heegaard Floer cohomology of this diagram is isomorphic to HF Z2 (Σ (K) ).
This construction implies that HF Z2 (Σ (K) ) is a weak Heegaard invariant of K, as defined in [JT] . In section 3, we will see that the Z 2 -equivariant Heegaard Floer cohomology, as a weak Heegaard invariant, satisfies certain commutativity axioms, thereby proving that it is actually a strong Heegaard invariant. Morover, we will also see that HF Z2 as a natural invariant calculated from bridge diagrams on a sphere is naturally isomorphic to HF Z2 as a strong Heegaard invariant; to be precise, we will prove the following theorem.
Equivariant Heegaard Floer cohomology and extended bridge diagrams
Definition 2.1. Suppose that a Heegaard diagram H = (Σ, α, β) is given. A based bridge diagram on H is a 4-tuple (F, A, B, z), where F ⊂ Σ is a finite subset of points in Σ, A, B are sets of simple arcs on Σ, and z ∈ F , such that the following properties are satisfied.
• For any γ ∈ α ∪ β, we have F ∩ γ = ∅.
• For any two distinct elements a, a ∈ A ∪ α, we have a ∩ a = ∅, and the same statement holds for elements in B ∪ β.
• For any a ∈ A ∪ α and b ∈ B ∪ β, the intersection a ∩ b is transverse.
• For any c ∈ A ∪ B, the two endpoints of c are distinct and c ∩ F = ∂c.
• For any p ∈ F , there exists a unique element a of A which satisfies p ∈ ∂a, and the same statement holds for B.
Given a pointed bridge diagram (F, A, B, z) on a Heegaard diagram (Σ, α, β), we call the elements of A as A-arcs, the elements of B as B-arcs, and z as the basepoint. Note that (Σ, α, β, z) is a pointed Heegaard diagram.
Suppose that a Heegaard diagram H = (Σ, α, β) describes a 3-manifold M . Then, given a based bridge diagram P = (F, A, B, z) on H, we can construct a based link (L, p) lying inside M as follows. Let M = H 1 ∪ H 2 be a Heegaard splitting of M given by the Heegaard surface Σ. Suppose that we call H 1 as the "outside" of Σ and H 2 as the "inside" of Σ. Then, we can isotope the A-arcs of P slightly ourwards and the B-arcs of P slightly inwards, while leaving the set F fixed. Concatenating the isotoped arcs gives us a link L ⊂ M , and the basepoint p lies on L, so that we get a based link (L, p) in M , which is uniquely determined up to (based) isotopy. Definition 2.2. Suppose that a Heegaard diagram H = (Σ, α, β) describes a 3-manifold M . We say that a based link (L, p) in M is represented by a based bridge diagram P = (F, A, B, z) if the process described above gives a based link which is (based) isotopic to (L, p) . Proposition 2.3. Suppose that a Heegaard diagram H = (Σ, α, β) describes a 3-manifold M . Then every based link in M can be represented by a based bridge diagram on H.
Proof. Let M = H 1 ∪ H 2 be the Heegaard splitting of M , induced by H. Then for each i = 1, 2, there exists a 1-subcomplex C i ⊂ int(H i ) so that H 1 − C 1 Σ × [0, ∞) and H 2 − C 2 Σ × (−∞, 0]. Since C 1 and C 2 are both 1-dimensional and M is a 3-manifold, we can isotope (L, p) so that p ∈ Σ, L does not intersect C 1 ∪ C 2 and L intersect transversely with Σ. After further isotoping L, we may assume that every component c i of L ∩ H i admits a disk D c i ⊂ H i so that c i ⊂ ∂D c i ⊂ c i ∪ Σ, and for any two distinct components c = ∅. We can also assume that the disks D c i does not intersect the family of compressing disks in H i , determined by the alpha-and beta-curves of H, possibly after applying another isotopy to L, while leaving the basepoint p fixed. For each component c i ∈ π 0 (L ∩ H i ), write ∂D c i = c i ∪ p(c i ) where u i ⊂ Σ, i.e. p(c i ) is a simple arc on Σ which is a projection of c i . By assumption, the arcs p(c i ) does not intersect the alpha-or beta-curves, and any two distinct arcs p(c i 1 ) and p(c i 2 ) do not intersect. Now, after isotoping the arcs p(c i ), we can assume that for any two curves p(c i ) and p(c j ) intersect transversely if i = j, i.e. {i, j} = {1, 2}. Consider the following sets:
Then p ∈ F , and the based bridge diagram (A, B, F, p) represents the given based link (L, p) 
Definition 2.4. An extended bridge diagram is a pair E = (H, P), where H is a Heegaard diagram and P is a based bridge diagram on H. We write H as H(E) and P as P(E). If H = (Σ, α, β) and P = (A, B, F, p), the pointed Heegaard diagram (Σ, α, β, p) will be denoted as H st (E). Also, the 3-manifold represented by H is denoted as M (E), and the based link in M (E) represented by P is denoted as L(E).
Given an extended bridge diagram E = (H, P), we have an associated 3-tuple (M, L, p), where M is the 3-manifold represented by H, and (L, p) is a based link in M , represented by P. Obviously, given a 3-maniold together with a based link inside it, we have lots of extended bridge diagrams which represents it. In particular, we have a set of operations on extended bridge diagrams which leave the associated 3-manifold and based link fixed, which we will call as extended Heegaard moves. Also, we will call isotopies and handleslides involving α(β)-curves as α(β)-equivalences, and those involving A(B)-arcs and A(B)-equivalences. Finally, we will call α,β-equivalences and A,B-equivalences as basic moves.
Isotopies. Given an extended bridge diagram, we can isotope its A-arcs, B-arcs, alpha-curves and betacurves.
Handleslides of type I. Given an extended bridge diagram, we can replace an alpha(beta)-curve α with another simple closed curve α through an ordinary handleslide of knot Heegaard diagrams. Here, the handleslide region must not intersect any of the A/B-arcs.
Handleslides of type II. Given an extended bridge diagram, we can replace an alpha(beta)-curve α with another simple closed curve α if the following conditions are satisfied.
• The curve α does not intersect with any of the A(B)-arcs and the alpha(beta)-curves.
• There exists an A-arc A so that α, α cobound a cylinder whose interior contains A and does not intersect with any of the A-arcs, B-arcs, alpha-curves, and the beta-curves, except A.
Handleslides of type III. Given an extended bridge diagram, we can replace an A(B)-arc a with another simple arc a if the following conditions are satisfied.
• ∂a = ∂a .
• The interior of a does not intersect with any of the A(B)-arcs and the alpha(beta)-curves.
• There exists an alpha(beta)-curve α so that a, a , α bound a cylinder C ⊂ Σ, whose interior does not intersect with any of the A-arcs, B-arcs, alpha-curves, and the beta-curves.
Handleslides of type IV. Given an extended bridge diagram, we can replace an A(B)-arc a with another simple arc a if the following conditions are satisfied.
• There exists an A(B)-arc a 0 such that a, a bound a disk D ⊂ Σ, whose interior contains a 0 and does not intersect with any of the A-arcs, B-arcs, alpha-curves, and the beta-curves, except for a 0 .
(De)stabilizations of type I. Given an extended bridge diagram ((Σ, α, β), (F, A, B, p)), we can stabilize its Heegaard diagram (Σ, α, β) at a point q ∈ Σ such that q / ∈ c for any c ∈ A ∪ B. The based bridge diagram (F, A, B, p) remains the same.
(De)stabilizations of type II. Given an extended bridge diagram ((Σ, α, β), (F, A, B, p)), where |F | > 2, choose an A-arc a such that p / ∈ ∂a, and pick one of its endpoints, z ∈ ∂a. Choose two distinct points x, y lying in the interior of z, so that the following conditions hold.
• a − {x, y} has three components a 1 , b 1 , a , which are simple arcs on Σ.
• ∂a 1 = {z, x}, ∂b 1 = {x, y}, and ∂a = {y} ∪ (∂a − {z}).
• a 1 and b 1 do not intersect with any of the B-arcs and beta-curves.
Diffeomorphism. Given an extended bridge diagram ((Σ, α, β), (F, A, B, p)) and a diffeomorphism φ ∈ Diff + (Σ), we can apply φ on everything to get another extended bridge diagram.
Proposition 2.5. Let H = (Σ, α, β) be a Heegaard diagram which represent a 3-manifold M . Any two based bridge diagrams on H, which represent isotopic based links in M , are related by isotopies, handleslides of type II, III, IV, and (de)stabilizations of type II.
Proof. Choose a pair of a self-indexing Morse function f : M → [0, 3] and a Riemannian metric g on M , which induces the Heegaard diagram H of M . In the space S of based link M such that its basepoint lies on Σ and it is transverse to Σ at the basepoint, the subspace S 0 of based links (L, p) which satisfy the conditions below is open and dense. Given any link in S 0 , its projection along the gradient flow of f gives a based bridge diagram of (L, p) on H, up to stabilizations of type II.
• The intersection L ∩ Σ is transverse.
• The gradient vector field ∇ g f is nonvanishing on L and transverse to L.
• For any flowline c of ∇ g f whose endpoints lie on L, the intersection c ∩ Σ is transverse.
• For each bi-infinite flowline γ of ∇ g f , we have |γ ∩ L| ≤ 2, and if the equality holds, we have
• The intersections of L with the unstable manifolds of critical points of index 2 and the stable manifolds of critical points of index 1 are transverse. We call the set S 0 as the set of points of codimension 0; to prove the proposition, it suffices to classify the codimension 1 singularities inside S and show that they correspond to (compositions of) handleslides of type II, III, IV, and stabilizations of type II. It is easy to see that the codimension 1 singularities in S are given as follows.
(1) The link L is tangent to Σ at a point z ∈ Σ, such that z = p and the order of tangency is 1.
(2) The link L intersects transversely with either the stable manifold of a critical point of index 2 or the unstable manifold of a critical point of index 1. (3) There exists a flowline γ of ∇ g f which is tangent to L at a point, such that the order of tangency is 1. (4) There exists a bi-infinite flowline γ of ∇ g f such that |γ ∩ L| = 2 and |γ ∩ Σ ∩ L| = 1.
(5) The link L is tangent to either the unstable manifold of a critical point of index 2 or the stable manifold of a critical point of index 1, such that the order of tangency is 1. (6) There exists three distinct points x, y, z ∈ Σ, different from the basepoint p, and a bi-infinite flowline γ of ∇ g f such that x, y, z ∈ γ.
The perturbations of the above singularities can be translated as the following compositions of extended Heegaard moves.
(1) A single stabilization of type II. Theorem 2.7. If two extended bridge diagrams which represent the same 3-manifold and isotopic based links, which are contained in a ball, they are related by extended Heegaard moves.
Proof. Since the given link is assumed to be contained in a ball, for any Heegaard diagram H, there exists a simple based bridge diagram P 0 which also represents the given link. Now, given any based bridge diagram P on a Heegaard diagram H, we know from Proposition 2.5 that we can apply isotopies, handleslides of type II, III, IV, and (de)stabilizations of type II to P to reach P 0 . But then, we can regard the A-arcs and B-arcs together as a "big basepoint" and apply isotopies, handleslides, stabilizations and diffeomorphisms to the Heegaard diagram H. The handleslides and stabilizations applied to H corresponds to handleslides of type I and stabilizations of type I applied to the extended bridge diagram (P, H). Since any two Heegaard diagrams representing the same 3-manifold are related by isotopies, handleslides, stabilizations, and diffeomorphisms, the proof is complete.
Remark. By considering perturbations of Morse-Smale pairs on M together with perturbations of the given link L, and classifying all possible codimension 1 singularities, we can remove the the assumption that our base link is contained in a ball, in Theorem 2.7. However, this observation is not necessary, as we will only consider knots and links in S 3 throughout this paper. Now suppose that an extended bridge diagram E = (H, P), H = (Σ, α, β), P = (F, A, B, z) is given, where the Heegaard diagram H represents a 3-manifold M and the based bridge diagram P represents the isotopy class of a based link (L, z) in M . Then we construct a 4-tuple H d (E) = (Σ,α,β, z), which is defined as follows.
•Σ is the branched double cover of Σ along F .
•α = α∈α {connected components of α} ∪ {p −1 (a) | a ∈ A, z / ∈ ∂a}, where p :Σ → Σ is the branched covering map, andβ is defined similarly.
• z is the basepoint of the based link (L, z).
The 4-tuple H d (E), by construction, is a Heegaard diagram for the based 3-manifold (Σ L (M ), z), which is the branched double cover of the based 3-manifold (M, z) along the link L. The covering transformation of the branched cover Σ L (M ) → M induces an orientation-preserving Z 2 -action on H d (E). We will say that H d (E) is the branched double cover of H along P.
Proposition 2.8. For any extended bridge diagram E, the pointed Heegaard diagarm H d (E) is weakly admissible if H pt (E) is weakly admissible.
Proof. We will continue using the notations which we have used above. Consider the branched covering map p Σ :Σ → Σ. Then, for any connected component R of Σ − c∈α∪β c , which does not contain the basepoint z, we define its pullback p * Σ (R) as follows.
is disconnected, it consists of a Z 2 -orbit of some connected component ofΣ − c∈α∪βc , where Z 2 acts as covering transformations. Denote that orbit as {T, σT }, where Z 2 = σ . Then we define p * Σ (R) as T + σT . This definition can be extended linearly to give a group homomorphism 
is assumed to be weakly admissible, we must have D 0 = 0 and thus D + σD = 0. Since both D and σD are positive, this implies D = 0, a contradiction. Therefore H d (E) must be weakly admissible.
We will now proceed to weak admissibilities of Heegaard triple diagrams and quadruple diagrams, which are perturbations of branched double covers of extended bridge diagrams. More precisely, the diagrams we will deal with are defined as follows. •Σ is a branched double cover of a surface Σ along a branching locus F , such that z ∈ F .
• The 4-tuplesH αβ = (Σ,α,β, z),H βγ = (Σ,β,γ, z),H αγ = (Σ,α,γ, z) are pointed Heegaard diagrams.
• There exist families of simple closed curves α, β, γ and families of simple arcs A, B, C on Σ such that T 0 = (Σ, α, β, γ, z) is a Heegaard triple diagram, P AB = (F, A, B, z), P BC = (F, B, C, z), and P AC = (F, A, C, z) are based bridge diagrams on the Heegaard diagrams H αβ = (Σ, α, β), H βγ = (Σ, β, γ), and H αγ = (Σ, α, γ), respectively, and the branched double covers of H αβ , H βγ , H αγ along P AB , P BC , P CA areH αβ ,H βγ ,H αγ , respectively. A pointed Heegaard triple diagram T is nearly involutive if it is given by a small perturbation of alpha-, beta-, and gamma-curves of some involutive Heegaard 5-tuple (Σ,α,β,γ, z). We say that the pointed Heegaard triple diagram T 0 is the base of the nearly involutive triple diagram T . Proposition 2.10. A nearly involutive Heegaard triple diagram is weakly admissible if its base is weakly admissible.
Proof. The proof is the same as in Proposition 2.8, except that we are using triple diagrams instead of ordinary diagrams. Using the proof of Lemma 4.3 in [K] , we see that the argument for ordinary diagrams can also be used for triple diagrams. Definition 2.11. A pointed 6-tuple (Σ,α,β,γ,δ, z) is an involutive Heegaard 6-tuple if any of the four 5-tuples given by excluding one out of four curve basesα,β,γ,δ are involutive. A pointed Heegaard quadruple diagram Q is nearly admissible if it is given by a small perturbation of alpha-, beta-, gamma-, and deltacurves of some involutive Heegaard 6-tuple (Σ,α,β,γ,δ, z) . If the bases of the triple diagrams given by exluding one out of four curve basesα,β,γ,δ are given by a surface Σ and curve bases α, β, γ, δ on Σ, then we say that the pointed Heegaard quadruple diagram Q 0 = (Σ, α, β, γ, δ, z) is the base of the nearly involutive quadruple diagram Q. Proposition 2.12. A nearly involutive Heegaard quadruple diagram is weakly admissible if its base is weakly admissible.
Proof. The proof is the same as in Proposition 2.10, except that we are now using the proof of Lemma 4.4, instead of the proof of Lemma 4.3, of [K] .
The propositions 2.8, 2.10, and 2.12 tell us that, when we deal with nearly involutive diagrams, we do not have to care about their weak admissibility, as long as their base are weakly admissible. Hence, for the sake of simplicity, we will call a extended bridge diagram E weakly admissible if the pointed Heegard diagram H pt (E) is weakly admissible. Note that this implies weak admissibility of H d (E). Now, given an extended bridge diagram
such that H pt (E) is weakly admissible, we can apply the construction of [HLS] to the induced symplectic Given an extended Heegaard move of extended bridge diagrams whose source and target are both weakly admissible, we can associate it to a F 2 [θ]-module homomorphism between the corresponding Z 2 -equivariant Floer cohomology, as defined in [HLS] . From Lemma 2.13, we know that any two weakly admissible extended bridge diagrams E, E which represent the same based link inside the same 3-manifold, we have a map
which is defined as a composition of maps associated to extended Heegaard moves. The arguments used in the section 6 of [HLS] can be extended directly to show that the maps associated to extended Heegaard moves, except for stabilizations of type II, are isomorphisms.
Remark. Here, we will assume that all stabilizations which we consider here occur near the basepoint, to ensure that they clearly induce isomorphisms of HF Z2 . In general, when we want to stabilize in a region which is not close to the basepoint, we can also associate it to an isomorphism by first performing it near the basepoint and then moving it via a sequence of handleslides. Of course, such an isomorphism is not unique; this problem will be resolved in the next section.
We now claim that, in some special cases, we can prove that stabilizations of type II induce isomorphisms. Note that, from now on, we will implicitly assume all extended bridge diagrams to be weakly admissible, by which we will mean that its base is weakly admissible; this is possible without loss of generality by Lemma 2.13.
Lemma 2.14. Let E = ((Σ, α, β), (F, A, B, z)) be an extended bridge diagram, and let F = F 1 ∪ F 2 be the unique partition of F such that every c ∈ A∪B satisfies |∂c∩F 1 | = |∂c∩F 2 | = 1. Then applying a stabilization of type II to E induces an isomorphism of equivariant Floer cohomology.
Proof. Recall that, in the paper [HLS] , the proof that stabilizations of bridge diagrams induce isomorphisms use equivariant transversality. That proof can be directly extended to our case, so if the Z 2 -action on H d (E) achieves equivariant transversality, then a stabilization of type II induces an isomorphisms. For any domain D of H d (E) from a Floer generator x to a generator y, the Maslov index formula in the paper [L] reads:
where n x , n y are point measures and e is the Euler measure. Let p :Σ → Σ be the branched double covering map with branching locus F . Suppose that D is Z 2 -invariant. Then x and y are also Z 2 -invariant, and thus we may assume without loss of generality that x = x ∪ F 1 and y = y ∪ F 1 , where x , y are Floer generators in H pt (E). By the assumption that every c ∈ A ∪ B satsfies |∂c ∩ F 1 | = |∂c ∩ F 2 |, the Maslov index of the domain p * D, as defined in the proof of Proposition 2.8, is given as follows.
Therefore, the hypothesis (EH-2) in [HLS] is satisfied, and thus E achieves equivariant transversality.
Now we argue that, given any extended bridge diagram which represents a knot in S 3 , we can always adjust it to a position in which stabilizations of type II induce isomorphisms.
Definition 2.15. An extended bridge diagram E = ((Σ, α, β), (F, A, B, z)) is said to be in a nice position if there exists an arc c ∈ A ∪ B such that the following conditions hold.
• z ∈ ∂c.
• The interior of c does not intersect with any of the B-arcs and beta-curves.
Given an extended bridge diagram E = ((Σ, α, β), (F, A, B, z)) which is in a nice position, choose an arc c as in Definition 2.15, and assume without loss of generality that c is an A-arc. Let p be an endpoint of c such that ∂c = {p, z}. Choose two distinct interior points x, y of c such that the following condition is satisfied.
• c − {x, y} has three connected components c px , c xy , c yz , each of which is a simple arc, satisfying ∂c px = {p, x}, ∂c xy = {x, y}, and ∂c yz = {y, z}. Then, the pair E = ((Σ, α, β), (F, (A − {c}) ∪ {c xy , c yz }, B ∪ {c px }, z)) is an extended bridge diagram, which represent the same based link in a same 3-manifold as E.
Definition 2.16. We define the above operation as special stabilization, i.e. applying a special stabilization to E gives E .
Lemma 2.17. Let (K, p) be a based knot in S 3 . Then any two extended bridge diagrams representing (K, p) are related by isotopies, handleslides of type I, II, III, IV, stabilizations of type I near the basepoint, diffeomorphisms, and special stabilizations.
Proof. We only have to prove that we can use special stabilizations instead of stabilizations of type II. Given any extended bridge diagram E representing (K, p) in S 3 , we can apply handleslide of type II, III, and IV to place it in a nice position. Since K is a knot and thus has only one component, applying a stabilization of type II at any point has the same effect as applying a special stabilization and then moving the newly created pair of arcs to that point via isotopies and handleslide of type III. Therefore a stabilization of type II has the same effect as a composition of handleslides of type III, IV, and special stabilizations.
Lemma 2.18. Let (K, p) be a based knot in S 3 . Suppose that an extended bridge diagram E, which is in a nice position, represents (K, p) in M , and applying a special stabilization to E gives another diagram E . Then there exists an associated isomorphism: Proof. The extended bridge diagrams E and E , near the basepoint p, are drawn in Figure 2 .1. Since γ zx is the only B-arc/β-curve which intersects the A-arc γ xy of H d (E ), any Floer generator x of H d (E ) can be written as x = x ∪ {x}, where x is a uniquely determined Floer generator of
Now assume that we are using almost complex structures of form Symg(j), where j is an almost complex structure on the Heegaard surfaceΣ of H d (E) (thus also of H d (E )) andg is the genus ofΣ; this is possible since such structures are enough to acheive transversality for all homotopy classes of Whitney disks. Since the regions of H d (E ) which contains x on its boundary necessarily contains the basepoint z, any holomorphic disks from x ∪ {x} to y ∪ {x}, where x, y are Floer generators of H d (E), are actually holomorphic disks from x to y, as the point x cancels out. Hence we have a homeomorphism
This implies that the map between the equivariant Floer complexes,
is an isomorphism. Therefore the induced map HF Z2 (E ) → HF Z2 (E) is also an isomorphism. Now, given an extended bridge diagram E which represents a knot in S 3 , we have a following commutative diagram of extended bridge diagrams, where the vertical arrows are stabilizations of type II and horizontal arroLews are either isotopies, handleslides of type I, II, III, IV, stabilizations of type I, or special stabilizations, and P(E n ) (and also P(E st n )) are simple.
Translating this diagram into equivariant Floer cohomology and maps between them gives the following diagram.
All horizontal arrows are isomorphisms. We also know that the leftmost vertical arrow is also an isomorphism, since P(E) is simple. So, if this diagram is commutative, we can deduce that the map HF Z2 (E st ) → HF Z2 (E), which is the map induced by a stabilization of type II applied to E, is an isomorphism.
Lemma 2.19. Let (Σ,α,β,γ,δ, z) be an involutive Heegaard 6-tuple with base (Σ, α, β, γ, δ, z), and θ β,γ , θ γ,δ be Z 2 -invariant cycles in CF (Σ,β,γ, z), CF (Σ,γ,δ, z), respectively. Suppose that, for any Floer generator Figure 2 .2. The diagram on the left is the triple-diagram for the case when a stabilization map of type II is composed first and then a handleslide map of type IV is composed, and the diagram on the right is for the case when the maps are composed in the opposite order.
x of (Σ,β,δ, z), every element of π 2 (θ β,γ , θ γ,δ , x) has Maslov index at least 0 and achieves transversality for generic Z 2 -equivariant families of almost complex structures. Then, for any
wheref denotes the equivariant triangle maps, defined in [HLS] , and f denotes the ordinary triangle map, with repsect to their subindices.
Proof. By assumption, the cycle
is well-defined. Using square maps from non-equivariant Floer theory, we can construct the equivariant square mapŝ
by mimicing the consruction of equivariant triangle maps, as in the proof of Lemma 3.25 in [HLS] . If a sequence of holomorphic squares in (Σ,α,β,γ,δ, z) having θ β,γ , θ γ,δ as two of their vertices degenerates to a concatenation of a holomorphic triangle in (Σ,α,β,δ, z) and another holomorphc triangle in (Σ,β,γ,δ, z), the singular vertex should be the points in the cycle f β,γ,δ (θ β,γ ⊗ θ γ,δ ) by assumption. Hence, if we choose a cycle representative x α,β of x α,β , the quantitŷ
should be the same as the quantity
Therefore, by passing to the homology, we get the desired result.
Lemma 2.20. The maps induced by extended Heegaard moves, and special stabilizations commute with the maps induced by stabilizations of type II.
Proof. The statement is obvious for diffeomorphisms and special stabilizations. Also, the statement for isotopy maps is a direct consequence of Lemma 6.2 of [K] . The remaining cases involve associativity of equivariant triangle maps, and thus we would like to use Lemma 2.19.
Here, we will only give a proof for the commutation of stabilization maps of type II with handleslides of type IV, since other cases can be proven using the same argument. To give a proof for this case, we consider the two triple-diagram in Figure 2 .2. In (the branched double cover of) the given triple-diagrams, there are clearly no nonconstant triangles, and the constant triangles have Maslov index 0. Also, the induced (non-equivariant) triangle maps sends the top classes to the unique Z 2 -invariant top class. Therefore, by Lemma 2.19, the maps induced by extended Heegaard moves and special stabilizations commute with the maps induced by stabilizations of type II.
Theorem 2.21. Given an extended bridge diagram E which represents a knot in S 3 , let E be the extended bridge diagram we get by applying an extended Heegaard move to E. Suppose that both E and E have at least one A-arcs and B-arcs. Then the associated map HF Z2 (E ) → HF Z2 (E) is an isomorphism.
Proof. We only have to consider the case when E is obtained from E by a stabilization of type II. In this case, recall that we had the following diagram.
Figure 3.1. Attaching a small A-arc and a B-arc at the point w.
Proof. The isotopy case is obvious, and the handleslide case follows directly from Proposition 3.24 of [HLS] , which proves the invariance of equivariant Floer cohomology under equivariant Hamiltonian isotopies of Lagrangians. The stabilization case is just an application of the standard neck-stretching argument, after assuming that it happens near the basepoint. It remains to show the case when the given Heegaard move is a diffeomorphism. A diffeomorphism between (knot) Heegaard diagrams has two possible lifts to diffeomorphisms between the branched double covers, and the two lifts differ by the Z 2 -action. But the Z 2 -action onH induces the F 2 [Z 2 ]-module structure on the freed Floer complex, which is then dualized and tensored with F 2 with the trivial Z 2 -action when calculating the cochain complex CF * Z2 (H), so that the Z 2 -action induced on HF Z2 (H) is trivial. Therefore the map between HF Z2 (H) induced by a diffeomorphism is well-defined.
Corollary 3.4. The Z 2 -equivariant Heegaard Floer cohomology of based knots in S 3 is a weak Heegaard invariant in the sense of Juhasz; see [JT] for the definition of Heegaard invariants.
Proof. The statement of Theorem 3.3 is precisely the definition of a weak Heegaard invariant.
Remark. Note that, due to the construction of stabilization maps of type I, we do not know at this stage whether such maps are defined uniquely. This problem will be resolved later. Now we will show that the Z 2 -equivariant Heegaard Floer cohomology is not only a weak invariant, but also a strong Heegaard invariant. To recall the definition of strong Heegaard invariants, we consider the graph G = G(K, z), for a given based knot (K, z) in S 3 , defined as follows.
Here, isotopy diagram means a diagram in which α-and β-curves are determined up to isotopy, and the graphs G α , G β , G stab , G diff are graphs with the same vertex set as G, defined in the following way. G α is the graph such that for each pair of elements
related by a sequence of α-equivalences, and is empty otherwise. G β is the defined in the same way, using β-equivalences. The subgraph G stab is the graph of stabilizations, and G diff is the graph of diffeomorphisms. Also, there is a set D G of certain subgraphs of G, called distinguished rectangles, defined in Definition 2.30 of [JT] . Then we have the following definition.
Definition 3.5. (Definition 2.33 of [JT] ) A weak Heegaard invariant F (of knots in S 3 ) is a strong Heegaard invariant if the following axioms hold.
• (Functoriality) The restriction of F to G α , G β , G diff are functors, and for any stabilization e and its reverse destabilization e , we have F (e ) = F (e) −1 .
• (Commutativity) For any distinguished rectangle D ∈ D G , the diagram F (D) is commutative.
• (Continuity) If e is a loop-edge of G which is a diffeomorphism isotopic to the identity, then F (e) is the identity.
• (Handleswap invariance) For every simple handleswap (see Figure 4 in [JT] for its definition)
For the definition of distinguished rectangles and handleswaps, see section 2.4 of [JT] .
Lemma 3.6. Let (Σ,α,β,γ,δ, z) be an involutive Heegaard 6-tuple with base (Σ, α, β, γ, δ, z), and θ α,β , θ γ,δ be Z 2 -invariant cycles in CF (Σ,α,β, z), CF (Σ,γ,δ, z), respectively. Then, for any
Proof. The proof is basically the same as in Lemma 2.19, except that we do not need additional condition on triangles.
Lemma 3.7. Consider a following commutative diagram D of extended bridge diagram of a based knot in S 3 .
Suppose that e, e are α-or A-equivalences and f, f are β-or B-equivalences. Then HF Z2 (D) commutes, i.e.
Proof. This is a direct application of Lemma 3.6.
Lemma 3.8. The restriction of the weak Heegaard invariant HF Z2 to G α is a functor.
Proof. In this proof, we will use knot bridge diagrams of nontrivial genera and their HF Z2 . The idea is to use the naturality of HF Z2 for bridge diagrams on a sphere, which is already established by the author in [K] .
be a composable sequence of α-equivalences of knot Heegaard diagrams of a based knot (K, z) in S 3 . Each f i is either an isotopy of α-curves or an α-handleslide, which can be translated to a 1-parameter family of Morse-Smale pairs on S 3 , as in Proposition 6.35 of [JT] . Composing them gives a 1-parameter family (f t , v t ) t∈[0,1] of simple pairs, where (f t , v t ) is Morse-Smale except for finitely many t. Also, there exists a Heegaard surface Σ ⊂ S 3 which intersects transversely with K, contains the basepoint z, and is shared by every (f t , v t ), since no stabilizations or destabilizations occur.
Given such a family and a Heegaard surface Σ, we now choose an isotopy {K t } t∈[0,1] of the given based knot (K, z) while fixing the basepoint z, such that K 0 = K, K 1 is an isotopic copy of K which is contained in a very small neighborhood of z and intersects transversely with Σ. We can further assume that the given isotopy {K t } is generic, so that K t is transverse to Σ for all but finitely many t. Since codimension-1 singularities of {K t } correspond to simple tangencies, we know that, when passing through those "finitely many" t, a pair of intersection points in K t ∩ Σ is either created or annihilated. Now we multiply the two 1-parameter families mentioned above to get a smooth 2-parameter family F;
We can then perturb F in the space S = {simple pairs in S 3 } × {knots in S 3 , isotopic to K and containing z} to another generic 2-parameter family F close to F in S, which would have finitely many codimension-2 singularities and no higher singularity. But since both (f t , v t ) and {K s } were generic, by taking the perturbation to be sufficiently small, we may assume that every codimension-2 singularity arising in F is a combination of a codimension-1 singularity in the space of simple pairs in S 3 and a codimension-1 singularity in the space of based knots in S 3 . Furthermore, by closeness, no stabilization/destabilization would occur as a codimension-1 singularity. Therefore we only have to consider the following two possible types of codimension-2 singularities in S.
(1) An α-handleslide occurs and K s is (simple) tangent to Σ; K s is transverse to all stable/unstable manifolds of v t . (2) An α-handleslide occurs and K s intersects transversely with the unstable manifold of a order 1 singularity of v t or the stable manifold of an order 2 singularity of v t . (3) An α-handleslide occurs and K s is tangent to the stable manifold of a order 1 singularity of v t or the unstable manifold of an order 2 singularity of v t . (4) An α-handleslide occurs, K s is transverse to Σ and all stable/unstable manifolds of v t , and the projection of K s to Σ via the flow of v t has a simple tangency.
The monodromies of those singularities can be translated as shown below. Note that, in the case 1, we have replaced stabilizations of type II by special stabilizations, as a stabilization of type II can be seen as the composition of a special stabilization followed by a sequence of handleslides of type II, IV, and (A/α)-isotopies.
(1) Commutation of α-handleslides with stabilizations of type II (2) Commutation of α-handleslides with handleslides of type II (3) Commutation of α-handleslides with compositions of stabilizations of type II and handleslides of type III (4) Commutation of α-handleslides with compositions of stabilizations of type II and handleslides of type IV For a type 2 monodromy, Lemma 2.19 can be used to prove its commutativity, as in the proof of Lemma 2.20. The type 1 monodromy is clearly commutative from the construction of maps associated to special stabilizations, which was given in the proof of Lemma 2.18. A similar argument can be applied to monodromies of type 3 or 4. It remains to show that α-handleslide maps and isotopy maps commute with isotopy maps, which correspond to the regions of F which does not contain codimension-2 singularity, which can actually be proven by a direct application of the proof of Lemma 6.2 in [K] . Therefore, as in proof of naturality in [K] , we have shown that the diagram in Table 3 .1 commutes after applying HF Z2 , where E j i are extended bridge diagrams and arrows are extended Heegaard moves. Note that leftmost column and the rightmost column must be identical, i.e. E i 1 = E i n for all i = 1, · · · , k, and the extended bridge diagrams E k 1 , · · · , E k n in the bottom row satisfy the property that all A-arcs and B-arcs are contained in the region, bounded by α-curves and β-curves, which contains the basepoint. Also, the handleslides among the arrows in the bottom row can only be handleslides of type I.
Since the extended bridge diagrams appearing in the top row are of the form B H for a genus 0 bridge diagram B and a (weakly admissible) Heegaard diagram H, where the connected sum is taken near the basepoint z of H, they clearly achieve hypothesis (EH-2) in [HLS] , they satisfy equivariant transversality, so that we have a natural isomorphism since H represents S 3 and so HF (H) F 2 . Thus, by the naturality of HF Z2 for genus-0 bridge diagrams of based knots in S 3 , we deduce that the composition
does not depend on the choice of a sequence f 1, · · · , f n . Therefore the restriction of HF Z2 to G α is a functor.
Remark 3.9. The proof of Lemma 3.8 can be directly extended to extended bridge diagrams representing based knots in S 3 to show that any loop consisting of A-equivalences and α-equivalences induce the identity map in HF Z2 . Furthermore, applying 3.7 gives us that any loop of basic moves induce the identity map in HF Z2 . Proposition 3.10. Let E 1 , E 2 be extended bridge diagrams of a based knot (K, z) in S 3 , related by a single stabilization (of type I or II), and let E 1 s − → E 2 be such a stabilization. Then the induced map
is defined uniquely.
Proof. Since the proof of type I and II are similar, we will only work out the case of type I explicitly. Let Σ be the Heegaard surface of H pt (E 1 ) and choose a point w which is very close to the basepoint z. Let E be the extended bridge diagram given by performing a stabilization of type I on E 1 at w; write the induced map as
Recall that, to construct an induced map for a stabilization of type I performed at another point on Σ, which is not near z, we have to compose HF Z2 (s w ) with maps induced by α-and β-handleslides. To prove that HF Z2 (s) is unique, we have to prove that for any sequence of α-handleslides which starts from and ends at E, the induced automorphism of HF Z2 (E) is the identity. But this is a direct consequence of Lemma 3.11. Therefore HF Z2 (s) is uniquely defined.
With the fact that the maps induced by stabilizations are uniquely defined, we can now finish the proof of functoriality condition.
Lemma 3.11. The weak Heegaard invariant HF Z2 satisfies functoriality condition of Definition 3.5.
Proof. By Lemma 3.8, we know that the restriction of HF Z2 to G α is a functor. So, by the same argument applied to β-curves instead of α-curves, we also see that the restriction of HF Z2 to G β is also a functor. If e is a stabilization and e is its reverse, we can apply Proposition 3.10 to reduce to the case when the (de)stabilization is performed near the basepoint, in which case HF Z2 (e) • HF Z2 (e ) = id holds by choosing a suitable family of almost complex structures. The diffeomorphism part is obvious.
We now move on to a proof of continuity condition.
Lemma 3.12. The weak Heegaard invariant HF Z2 satisfies continuity condition of Definition 3.5.
Proof. We will prove a slightly more general statement, that for any weakly admissible extended bridge diagram E of a based knot (K, z) in S 3 and a self-diffeomorphism φ of E which is isotopic to the identity, the map
induced by φ is the identity. If E is a bridge diagram on a sphere, then by the genus-0 naturality of HF Z2 , we know that HF Z2 (φ) = id. Next, suppose that E satisfies the following property.
• There exists a small disk D on the Heegaard surface Σ of H pt (E), near its basepoint z, so that all Aand B-arcs of H pt (E) are contained in D and all α-and β-arcs are contained in Σ\D. Then we may assume that φ fixes the curve ∂D, and by taking ∂D as the connected-sum neck, we can represent E as a connected sum:
where B is a bridge diagram of (K, z) on a sphere and H is a Heegaard diagram representing S 3 . As in the proof of 3.8, we have a decomposition
by stretching the neck to infinite length. By assumption, the action of φ on HF Z2 (H) reduces to HF Z2 (B) . But since B is a genus-0 diagram, we already know that φ acts trivially on it. Hence HF Z2 (φ) = id in this case.
Finally, we work out the general case. As in the proof of Lemma 3.8, we know that there exists a sequence of extended Heegaard moves, except stabilizations of type I (whose "induced map" is not uniquely defined yet in the general case, in particular, if it occurs in a point not close to the basepoint), from E to another extended bridge diagram E which satisfies the above property. Now, by the definition of diffeomorphism map (it just acts by diffeomorphism), we know that it commutes with maps induced by all extended Heegaard moves except stabilizations of type I. Therefore the problem reduces to the former case and we are done. Now we will prove that the commutativity condition also holds. For that, we recall the definition of distinguished rectangles, defined in Definition 2.30 of [JT] .
of G that satisfies one of the following properties.
(1) Both e and h are α-equivalences, while both f and g are β-equivalences.
(2) Both e and h are α-or β-equivalences, while f and g or both stabilizations. 
The maps e, h are stabilizations, while f, g are diffeomorphisms. Furthermore, there are disks D ⊂ Σ 1 and D ⊂ Σ 4 and punctured tori T ⊂ Σ 2 and T ⊂ Σ 4 such that Σ 1 \D = Σ 2 \T , Σ 3 \D = Σ 4 \T , and the diffeomorphisms f, g satisfy f (D) = D , g(T ) = T , and f | Σ1\D = g| Σ2\T .
Lemma 3.14. The weak Heegaard invariant HF Z2 satisfies commutativity condition of Definition 3.5.
Proof. Commutativity for distinguished rectangles of type 1 is proven in Lemma 3.7. For the remaining cases, recall that a stabilization map are defined by composing the map induced by a stabilization near the basepoint following by α-and β-equivalences. Also, given a knot Heegaard diagram H representing a based knot (K, z) and another diagram H given by stabilizing H near z, the stabilization map is given explicitly by
where p is the branched double covering map and c is the new intersection point introduced by the stabilization, by taking family of almost complex structure of the form Sym g (j), the reason being that any holomorphic disk involving the Floer generator in p −1 ({c}) must intersect the basepoint. But this argument also works for counting holomorphic triangles, and thus we deduce that the maps induced by α-and β-equivalences and stabilizations must commute, thereby proving commutativity of distinguished rectangles of type 2. Now, we can apply the functoriality condition, which is already proven in Lemma 3.11, together with commutativity of distinguisehd rectangles of type 2, to reduce the distinguished rectangles of type 3,4,5 to the case when all stabilizations involved are performed near the basepoint. Then, by the above description of maps induced by stabilizations near the basepoint z, they must commute with stabilization maps and diffeomorphism maps. Therefore HF Z2 satisfies commutativity for all distinguished rectangles.
Remark 3.15. The proof of Lemma 3.14 can be directly extended to stabilization of type I on extended bridge diagrams. The result we get is that stabilization maps of type I and diffeomorphism maps commutes with any maps induced by extended Heegaard diagrams.
We will now prove that HF Z2 satisfies handleslide invariance.
Lemma 3.16. The weak Heegaard invariant HF Z2 satisfies handleswap invariance condition of Definition 3.5. Proof. Let H = H 0 H s be a knot Heegaard diagram representing a based knot (K, z) in S 3 , where H 0 is double-pointed, H s is the diagram drawn in Figure 3 .2, and suppose that we perform a simple handleswap on H s . If the connected sum is taken near z, then as in the proof of Lemma 9.30 in [JT] , we are done.
In the general case, let Σ 0 and Σ s be the Heegaard surfaces of H 0 and H s , respectively, and let p be the point in Σ 0 at which we take the connected sum. Define a subset of Σ 0 \({z} ∪ (α, β-curves of H 0 ) as follows.
Then, by functoriality(Lemma 3.11) and continuity(Lemma 3.14), we know that X is a union of some connected components.. Also, we already know that the connected component containing z is contained in X, so that X = ∅. Now let p ∈ Σ 0 \(α, β-curves of H 0 ) be a point satisfying the following property.
• Let R be the connected component of Σ 0 \({z} ∪ (α, β-curves of H 0 )) containing p. Then R ∩ X contains a segment of either an α-curve or a β-curve. Then, without loss of generality, we may assume that there exists a point p ∈ X such that, when we denote the connected sums of H 0 and H s performed at p and p as H and H , respecively, the knot Heegaard diagrams H and H are related by a sequence of four α-handleslides. Hence, by Lemma 3.25 of [HLS] , the equivariant triangle map defined using the top class x drawn in Figure 3 .3, is an isomorphism; we will call this map as the α-crossing map. We will not prove that the crossing map is the same as the composition of four α-handleslide maps, as we do not need it to prove this lemma. Note that, although we are drawing knot Heegaard diagrams, we are actually working with their branched double coverings. Now consider the simple handleswap diagram involving H, and another simple handleswap diagram involving H . Taking HF Z2 gives the following diagram, where every edge is an isomorphism. Note that the innermost and the outermost triangle are simple handleswap diagrams and all crossing maps are α-crossing maps.
Since diffeomorphism maps clearly commutes with crossing maps, the leftmost face is commutative. Also, by Lemma 3.6, we see that the face in the right-bottom corner is also commutative, and the same argument works for the commutativity of the topmost face. Now, the central triangle is commutive by assumption. Thus every face of the diagram is commutative. Since all edges of the diagram are isomorphisms, the peripheral triangle must also be commutative. Hence p ∈ X by the definition of X. Therefore, by induction on the number of α-and β-curves needed to cross to travel from p to z, we deduce that
i.e. HF Z2 satisfies handleswap invariance condition of Definition 3.5.
Theorem 3.17. There exists a strong Heegaard invariant of based knots in S 3 , which is isomorphic to HF Z2 .
Proof. By Lemma 3.11, Lemma 3.12, Lemma 3.14, and Lemma 3.16, HF Z2 satisfies all conditions of Definition 3.5. Therefore it is a strong Heegaard invariant.
The important point of Theorem 3.17 is that, instead of treating HF directly as a Heegaard invariant, we have used the word "isomorphic". The reason is as follows. While it is true that we have constructed a strong Heegaard invariant HF Z2 (Σ(K), z) of based knots (K, z) in S 3 , defined using knot Heegaard diagrams,we also have another definition of HF Z2 (Σ(K), z) using bridge diagrams of (K, z) on S 2 . Both versions of HF Z2 are natural invariants, i.e. define functors
where Knot * is the category whose objects are based knots in S 3 and morphisms are diffeomorphisms. Also, Theorem 3.17 tells us that both of the have the same isomorphism type (of We will now construct such a natural transformation; note that, while dealing with this issue, we will strictly distinguish the two invariants HF . Let E = ((Σ, α, β), (P, A, B, z)) be an extended bridge diagram representing a based knot (K, z) in S 3 . Choose a point p ∈ int(A i ) ∩ int(B j ) for some A i ∈ A, B j ∈ B, where z / ∈ A i ∪ B j ; such a point will be called as a proper crossing of E. Let D ⊂ Σ be a small disk neighborhood of p, which does not intersect α-and β-curves and intersects A-and B-arcs only with A i and B j , satisfying D ∩ (A i ∪ B j ) = {p}. Then, on a puncture torus T whose boundary ∂T is identified with ∂D, draw two disjoint simple arcs, denoted A p i and B p j , so that ∂A p i = ∂A i and ∂B p j = ∂B j . Also, draw two disjoint simple closed curves, denoted α p and β p , so that the following conditions hold.
•
• β p intersects A p i transversely at one point. Now define the following objects.
also represents (K, z) . Furthermore, E and R p (E) are related by a sequence consisting of a stabilization of type I and two handleslides of type III. Hence, by taking HF Z2 and composing the induced maps, we get an isomorphism, which we will call as the resolution map at p:
Lemma 3.18. Given an extended bridge diagram E representing a based knot (K, z) in S 3 , and its proper crossing p, the resolution map R p,E depends only on the choice of p.
Proof. The definition of R p,E involves choosing a point in D\(A i ∪ B j ), at which a stabilization of type I would occur, and also choosing which one of two handleslides of type I/II is to be applied first. Take any two possible choices, and denote the two maps given by taking compositions of the induced maps as R
= composition of basic moves where Lemma 3.7 is applied in the first line. Now, by Remark 3.9, this map should be the identity. Therefore R
Lemma 3.19. Let p, q be two distinct proper crossings of E. Then we have
In other words, resolution maps of distinct proper crossings commute.
Proof. Using Lemma 3.14 and Remark 3.18, we can see that the map
is a composition of maps induced by a loop of basic moves, thus is the identity.
Given an extended bridge diagram E representing a based knot (K, z) in S 3 , let I be the set of all proper crossings of E. Choose an enumeration I = {x 1 , · · · , x n }. Define an extended bridge diagram R(E), which depends only on E, as follows.
Also, define an isomorphism R E : HF Z2 (R(E)) → HF Z2 (E) as follows.
Then, by Lemma 3.18 and Lemma 3.19, R E does not depend on the choice of an enumeration of I, thus depends only on E. Now observe that the A-and B-arcs of R(E) which do not contain z also do not intersect themselves in their interior. So, after performing handleslides as in Figure 3 .4 on R(E), it can then be destabilized (of type II) to a knot Heegaard diagram HR(E) representing (K, z) . Denote the composition of destabilization maps as
Then, by Lemma 2.20, D E also depends only on E.
Definition 3.20. Given an extended bridge diagram E representing a based knot (K, z) in S 3 , we define its translation isomorphism as
We will now prove that translation isomorphisms define a natural transformation between HF Lemma 3.21. Let E s − → E be an extended Heegaard move between extended bridge diagrams E, E representing a based knot (K, z) in S 3 .
(1) If s is a basic move, then the knot Heeegaard diagrams HR(E) and HR(E ) are related by a sequence of basic moves and stabilizations of type I. (2) If s is a stabilization of type I, then HR(E) and HR(E ) are also related by a stabilization of type I. Here, we assume for simplicity that the rightmost A-arc and the leftmost B-arc are the ones connected to the basepoint z.
Proof. Cases 2, 3, and 4 are obvious. For case 1, it can be easily seen that R(E) and R(E ) are related by a sequence of basic moves and stabilizations of type I. Since HR is obtained from R by performing handleslides of type III, we deduce that HR(E) and HR(E ) are also related by a sequecne of basic moves and stabilizations of type I. ( HR(B)).
) is the map induced by a loop consisting of basic moves and stabilizations. Hence, by Lemma 2.20, Remark 3.15, and Remark 3.9, we see that it is equal to the identity map, i.e. (HR(s) ). Thus the translation maps induce a well-defined map
Now, again by Remark 3.15, we know that T K commutes with diffeomorphism maps. However the morphisms of the category Knot * are precisely diffeomorphism. Therefore the correspondence
is a natural transformation from HF bridge Z2 to HF knot Z2 . Since T (K,z) is an isomorphism for each based knot (K, z) in S 3 , the natural transformation T is invertible.
The HF Z2 of very nice knot Heegaard diagrams
Given a knot K in S 3 , we can combinatorially compute its knot Floer homology HF K(S 3 , K) in the following way. Choose any knot Heegaard diagram H 0 representing K. Theorem 1.2 of [SW] tells us that we can convert H 0 into a nice diagram H using only isotopies and handleslides. Here, we say that H is nice if the follwing condition holds.
• Every region of H bounded by α-and β-curves, which does not contain basepoints of H, is either a bigon or a square. Then, by Theorem 3.3 and Theorem 3.4 of [SW] , for any Floer generators x,y and a Whitney disk φ ∈ π 0 2 (x, y) with µ(φ) = 1, there exists a holomorphic representative of φ if and only if the domain D(φ) of φ is either a bigon or a square which does not contain basepoints of H, and the moduli space of holomorphic representatives of φ is a point. This allows us to describe CF K(S 3 , K) and thus compute HF K(S 3 , K) in a combinatorial way.
We will now prove that we can also compute HF Z2 (Σ(K), z) in a combinatorial way, without using desirable bridge diagrams of K as in Figure 1 of [HLS] . The key idea is to use diagrams satisfying the conditions similar to nice diagrams. For the technical terms arising in Lemma 4.2 involving details of the construction of Z 2 -equivariant Heegaard Floer cohomology, one can find their definitions in section 3 of [HLS] .
3 is very nice if the following conditions are satisfied.
• H is a nice diagram.
• The region of H containing w is a bigon.
Lemma 4.2. Let H = (Σ, α, β, z, w) be a very nice knot Heegaard diagram of a based knot (K, z) in S 3 , and letĤ = (Σ,α,β, z) be the diagram obtained by taking branched double cover of H along {z, w} and forgetting w. Then there exists a Z 2 -equivariant homotopy coherent diagram F : E Z 2 → J of eventually cylindrical almost complex structures on Sym g (Σ), where g is the genus ofΣ, satisfying the following conditions.
• For every object a ∈ Ob(E Z 2 ), every pair of generators x, y ∈ Tα ∩ Tβ, and every φ ∈ π 2 (x, y), the moduli space M(φ; F (a)) is transversely cut out.
• For every composable sequence f n , · · · , f 1 of morphisms of E Z 2 with n ≥ 2, every pair of generators x, y ∈ Tα ∩ Tβ, and every φ ∈ π 2 (x, y) with µ(φ) = 1 − n, whose domain does not intersect z, we have
Also, the same statment is true for the
Proof. Choose any Z 2 -invariant complex structure j 0 onΣ. Then, by Theorem 3.4 of [SW] , a generic perturbation of α-and β-curves achieves transversality of moduli spaces M(φ; Sym g (j 0 )) for any bigons or squares φ which does not intersect z. If the perturbation is sufficiently small, then it can be seen as an action of a self-diffeomorphism ofΣ which is sufficiently close to the identity. Thus there exists a 1-parameter family of complex structure j, isotopic to j 0 , such that M(φ; Sym g (j)) achieves transversality for any bigons or squares φ which does not intersect z.
Let σ denote the deck transformation of the branched double coveringΣ → Σ. Since j 0 is Z 2 -invariant and j is sufficiently close to j 0 , σj is also close to j 0 . So we can choose a generic Z 2 -coherent homotopy coherent diagram F of eventually cylindrical almost complex structures onΣ, consisting only of families of complex structures of the form Sym g (j s ) for complex structures j s onΣ which are C ∞ -close to j 0 , so that the first condition is satisfied. Also, since the moduli space of complex structures onΣ has dimension 6g − 6 and thus finite-dimensional, we may assume that every element of those families is isotopic to j 0 . Then such complex structures are pullbacks of j 0 under diffeomorphisms isotopic to the identity, so elements of M(φ; F (f n , · · · , f 1 )) can be seen as a holomorphic disks in Sym g (Σ) with dynamic boundary conditions. Such disks must intersect positively with diagonals {p} × Sym g−1 (Σ) by holomorphicity when p is not contained in a neighborhood of α-and β-curves. Hence, if M(φ; F (f n , · · · , f 1 )) = ∅, the domain D(φ) of φ must be nonzero and positive. Now, since H is assumed to be very nice,Ĥ is a nice diagram. Thus, by the proof of Theorem 3.3 of [SW] , positivity of D(φ) and the condition µ(φ) = 1 − n < 0 implies that φ is either a bigon or a square, whose domain does not intersect z. However, such domains have Maslov index zero, so we get a contradiction. Furthermore, since the domains of H d ( H) are in 1-1 correspondence, preserving Maslov indices, with domains ofĤ, the same conclusion holds for H d ( H).
Lemma 4.3. Let H be a very nice knot Heegaard diagram which represents a based knot (K, z) in S 3 . Then we have
Proof. Let F be a Z 2 -equivariant homotopy coherent diagram arising in Lemma 4.2. Then all higher terms of the differential of freed Floer complex CF Z2 (H d ( H); F ) vanish by construction, and thus we get
Also, since H d ( H) is given by performing a Z 2 -invariant stabilization to the Heegaard diagramĤ, the stabilization map
is a Z 2 -equivariant quasi-isomorphism for a suitable choice of almost complex structures. Therefore, by taking cohomology, we get the desired result. Now we will briefly prove that any based knot can be represented by a very nice knot Heegaard diagram by using Sarkar-Wang algorithm in an equivariant way.
Lemma 4.4. Every knot Heegaard diagram H = (Σ, α, β, z, w) representing a based knot (K, z) in S 3 is related to a very nice diagram by a sequence of isotopies and handleslides.
Proof. LetĤ be the branched double cover of H along the branching locus {z, w}. Then, in each stage of Sarkar-Wang algorithm forĤ, we can perform the algorithm in a Z 2 -equivariant manner, as in Figure 4 .1. The complexity argument works in the same way, so that the result we get after performing the algorithm is a branched double coverĤ of some knot Heegaard diagram H , representing (K, z) , such that every region ofĤ which does not contain z is either a bigon or a square. But then the region of H which contains w must be a bigon. Therefore H is a very nice diagram.
To sum up, we have proved the following theorem.
Theorem 4.5. There is a combinatorial way to compute HF Z2 (Σ(K), z) of based knot (K, z), using knot Heegaard diagrams.
Proof. Choose any knot Heegaard diagram H 0 representing (K, z) . Then, by Lemma 4.4, we can replace it by a very nice diagram H. By Lemma 4.3, one can compute HF Z2 (Σ(K), z) using CF (Ĥ). But the chain complex CF (Ĥ) can be combinatorially computed by Theorem 3.3 and Theorem 3.4 of [SW] . This gives a combitorial description of HF Z2 (Σ(K), z).
Finally, recall that any (weakly admissible) knot Heegaard diagram H = (Σ, α, β, z, w) representing a based knot (K, z) in S 3 , we have definedĤ as the Z 2 -equivariant Heegaard diagram defined by taking branched double cover of H along {z, w} and forgetting w, and defined H as the extended bridge diagram obtained from H by forgetting w and adding an A-arc and a B-arc which start at w and do not intersect each other in their interior. In the previous section, we have proved that
Now, using Theorem 4.5, we can remove the pair of an A-arc and a B-arc from H. Theorem 4.6. Let H be any weakly admissible knot Heegaard diagram representing a based knot (K, z) we can calculate HF Z2 (Σ(K), z) by taking branched double cover of H, removing its second basepoint, and then taking HF Z2 of the Z 2 -invariant diagram we obtain. Now suppose that we do not remove the second basepoint. Then the diagram we obtain is a knot Heegaard diagram, which now represents K in the branched double cover Σ(K). we will now observe that taking HF Z2 to this diagram gives a knot invariant. Note that, to achieve more generality, we work with links in S 3 , instead of knots. Lemma 5.2. Let H be a link Heegaard diagram representing a link in S 3 and write B(H) = (Σ, α, β, x, z). Then for a generic 1-parameter family J of Z 2 -equivariant almost complex structures on Sym g (Σ\(x ∪ z)), every pair of generators x, y ∈ T α ∩ T β , and every homotopy class φ ∈ π 2 (x, y) which does not intersect x and z, the moduli spaces M(φ; J) is transversely cut out.
Proof. Since we are branching over x ∪ z and φ does not intersect with x and z, condition (EH-2) in [HLS] is satisfied. 
But B(H 2 ) is the diagram obtained by performing a (Z 2 -invariant) pair of stabilizations on B(H 1 ), so the stabilization map
Lemma 5.3 suggests us to make the following definition.
Definition 5.4. Let L be a link in S 3 and H be a Heegaard diagram representing L. Then we de-
Remark 5.5. As in the case of HF Z2 of based knots, HF K Z2 of links can also be computed in a combinatorial way. The difference is that, for HF K Z2 , it suffices to use any nice diagrams, instead of more restrictive very nice diagrams, and the proof is much more simple.
Given a Heegaard diagram H 0 representing a link L in S 3 , we first apply Sarkar-Wang algorithm on H 0 to turn it into a nice diagram H. Then B(H) is also nice, since we are not throwing away any basepoints, so CF (B(H)) can be combinatorially computed. Then, by Lemma 5.3, we have
so we can compute HF K Z2 combinatorially.
The equivariant link Floer cohomology HF L Z2 is, as its name suggests, a refinement of both the equivariant Floer cohomology HF Z2 of based knots in S 3 and the ordinary knot Floer cohomology HF L of links in S 3 .
Theorem 5.6. For any link L in S 3 , there exists a spectral sequence
and the isomorphism class of its pages are isotopy invariants of L.
Proof. This is a direct consequence of Lemma 5.2.
Theorem 5.7. For any knot K in S 3 , there exists a spectral sequence
for any z ∈ K, and the isomorphism class of its pages are isotopy invariants of K.
Proof. Let H = (Σ, α, β, z, w) be any knot Heegaard diagram representing K. Then, as in the non-equivariant case, the second basepoint w induces a filtration on CF Z2 (Ĥ), and its isomorphism class as a filtered chain complex is an invariant of K. The spectral sequence we get is of the form
by the definition of HF K Z2 , and by Theorem 4.6, we have Corollary 5.9. Given a link L in S 3 , there exists a spectral sequence
whose pages are isotopy invariants of L.
Proof. Tensoring the spectral sequence of Theorem 5.6 with F 2 [θ,
and by Theorem 5.8, we have an isomorphism
6. Application: A transverse invariant refining both the c Z2 and the LOSS invariant Let K ⊂ S 3 be a transverse knot with respect to the standard contact structure ξ std = ker(dz − xdy). The author constructed in [K] an invariant c Z2 (ξ K ) as an element of the module HF Z2 (Σ(K)), which depends only on the transverse isotopy class of K. On the other hand, we have the LOSS invariantĉ(K), defined in [LOSSz] , which is an element of HF K(S 3 , K), again depending only on the transverse isotopy class of K. Therefore it is natural to ask how those two invariants are related.
Recall that we have shown in the previous section that the equivariant knot Floer cohomology HF K Z2 (Σ(K), K) is a refinement of both HF Z2 (Σ(K)) and HF K(S 3 , K). As a topological application of that fact, we will show in this section that there exists a transverse invariant of K, as an element of HF K Z2 (Σ(K), K), which is a simultaneous refinement of both the equivariant contact class c Z2 (ξ K ) and the LOSS invariantĉ (K) . We first recall some facts regarding relations between braids and transverse knots. When (M, ξ) is a contact 3-manifold and h : M \B → S
1 is an open book supporting ξ. Then a transverse knot(link) K ⊂ M is said to be in a braid position with respect to B if h| K is regular, and when K is in a braid position, we call it as a transverse braid. When (M, ξ) is the standard contact S 3 , the theorem of Bennequin [B] tells us that every transverse knot is transversely isotopic to a transverse braid along the z-axis. This fact can be directly generalized to the most general case, when (M, ξ) is any contact 3-manifold and h is any open book; in fact, the theorem of Pavelescu [P] tells us that any transverse knot in M is transversely isotopic to a braid position with respect to h, and two transverse braids, braided with respect to B, are transversely isotopic if and only if they are related by a sequence of braid isotopies, positive Markov moves, and their inverses. This fact leads us to the following definition, made first by Baldwin, Vela-Vick, and Vertesi in [BVV] .
Definition 6.1. Given a contact 3-manifold (M, ξ), an open book h : M \B → S 1 supporting ξ, and a transverse knot K which is in a braid position with respect to B, let S be a page of h, F = S ∩ K, and φ be the monodromy of h which fixes F pointwise. Then the isotopy class of the monodromy φ rel F ∪ ∂S uniquely determines the transverse isotopy class of K. So we say that the (transverse isotopy class of) transverse knot K is encoded by the pointed open book (S, F, φ). Recall that, given a contact 3-manifold (M, ξ), any two open books of M which support ξ are related by a sequence of isotopies and positive (de)stabilizations. Then, given any pointed open book (S, F, φ) which encodes a transverse knot K in (M, ξ), we can perform a positive stabilization with respect to any simple arc a ⊂ S\F satisfying ∂a ⊂ ∂S. Then the pointed open book (S , F , φ ) we obtain by the positive stabilization still encodes the same transverse knot K; note that this is a special case of Corollary 2.5 of [BVV] .
Using the facts we have stated above, we will give some useful observations on transverse knots in the standard conatct S 3 .
Lemma 6.2. Let K ⊂ (S 3 , ξ std ) be a transverse knot. Then there exists an open book decomposition of S 3 supporting ξ std , such that its binding is disjoint from K and each of its page intersects K transversely at one point.
Proof. Let L be a Legendrian knot in (S 3 , ξ std ), whose positive transverse pushoff is K. Choose a contact cell decomposition of (S 3 , ξ std ), so that L is contained in its 1-skeleton S. Denote the 1-cells of S which intersects L by L 1 , · · · , L n , and the open book induced by the cell decomposition as h : S 3 \B → S 1 , where B is the binding. Then a page Σ of h is drawn in Figure 6 .1. Note that N (L) ∩ ∂(h −1 (p)) ⊂ K, where N (L) is a small neighborhood of L; this is because K is a positive pushoff of L.
Now perturb K to a knot K , so that h| K is monotone but very close to zero in neighborhoods of L 1 , · · · , L n . Then K is clearly in a braid position with respect to B. Also, since we can choose our perturbation to be sufficiently C 1 -small, K is also a transverse knot. Therefore K is a 1-strand transverse braid along B, so applying a self-contactomorphism of (S 3 , ξ std ) which takes K to K gives a desired open book.
Lemma 6.3. Let K ⊂ (S 3 , ξ std ) be a transverse knot and (B 1 , h 1 ), (B 2 , h 2 ) be open book decompositions of S 3 , supporting ξ std , such that K is transversely isotopic to a 1-strand transverse braid along B i , for each i = 1, 2. Denote the induced (single-)pointed open books by (S 1 , p 1 , φ 1 ) and (S 2 , p 2 , φ 2 ), respectively. Then (S 1 , p 1 , φ 1 ) and (S 2 , p 2 , φ 2 ) are related by a sequence of isotopies and positive (de)stabilizations.
Proof. By applying a self-contactomorphism of (S 3 , ξ std ) to the given open books, we may assume that K intersects the pages of (B 1 , h 1 ) and (B 2 , h 2 ) transversely at one point. Then, by performing positive stabilizations to (B 1 , h 1 ) and (B 2 , h 2 ), we may assume that they are induced by a contact cell decomposition of (S 3 , ξ std ), so that (B 1 , h 1 ) is isotopic to (B 2 , h 2 ). Also, by performing additional positive stabilizations, we may further assume that, for a Legendrian knot L which has K as its transverse push-off, the given contact cell decomposition contains L in its 1-skeleton. Then, by the argument used in the proof of Lemma 6.2, we deduce that (S 1 , p 1 , φ 1 ) and (S 2 , p 2 , φ 2 ) are isotopic.
To sum up, we have proven the following proposition. Proof. This is a direct consequence of Lemma 6.2 and Lemma 6.3. Now we will see how to translate a single-pointed open book, which encodes a transverse knot K in (S 3 , ξ std ), to an element in HF K Z2 (Σ(K), K). Given such a single-pointed open book (S, p, φ), choose an arc-basis a = {a 1 , · · · , a n } of S, where the arcs in a do not contain p. Then consider the following objects.
• Σ = (S × {0, 1})/ ∼ where (x, 0) ∼ (x, 1) for any x ∈ ∂S • For each i = 1, · · · , n, b i is the arc in S given by perturbing a i slightly, so that a i intersects b i transversely at one point x i , where the intersection is positive. by Lemma 5.2. So, if we denote the inverse image of {x 1 , · · · , x n } under the branched covering map by x (S,p,φ,a) , then since x (S,p,φ,a) is a Z 2 -invariant cocycle in CF (Ĥ), the element x (S,p,φ,a) ⊗1 in RHom F2[Z2] ( CF (Ĥ), F 2 ) is a cocycle, which then corresponds to a cocycle in CF K Z2 (Σ(K), K). We will denote its cohomology class asT Z2 (S, p, φ, a). Also, we will denote HF Z2 (Ĥ) as HF K Z2 (S, p, φ, a), and call the tuple (S, p, φ, a) as a single-pointed arc diagram.
Lemma 6.5. Let S be a compact oriented surface with boundary, p be a point in the interior of S, and a 1 , a 2 be arc bases of S whose arcs do not contain p. Then a 1 and a 2 are related by a sequence of isotopies and arc-slides, where the isotopies are performed outside p.
Proof. We only have to prove that we can replace an isotopy through p by a sequence of isotopies and handleslides performed in S\{p}. To prove this, choose an arc a ∈ a 1 and suppose that we want to isotope a to another simple arc a , where p / ∈ a , a ∩ a = ∅, and a, a cobound a strip R ⊂ S where p ∈ R. Cutting S along the arcs in a 1 \{a} gives an annulus A, where the two endpoints of a lie in different components of ∂A . Here, A\(a ∪ a ) is a disjoint union of a disk D with the strip R. Then, by a sequence of isotopies and arc-slides in D, we can replace a by a , as in Figure 6 .2. Since p / ∈ D, we see that the isotopies we have used are performed outside p. Definition 6.6. When two single-pointed arc diagrams (S, p, φ, a) and (S , p , φ , a ) are related by either an isotopy outside p, an arc-slide, or a stabilization, we say that they are related by a basic move. Note that a basic move induces a map HF K Z2 (S , p , φ , a ) → HF K Z2 (S, p, φ, a).
Lemma 6.7. Suppose that two single-pointed arc diagrams (S, p, φ, a) and (S , p , φ , a ) are related by a basic move. Then the induced map HF K Z2 (S , p , φ , a ) → HF K Z2 (S, p, φ, a) takesT Z2 (S , p , φ , a ) toT Z2 (S, p, φ, a).
Proof. The branched double covers of (S, p, φ, a) and (S , p , φ , a ), along p and p , respectively, are related by two basic moves, performed in a Z 2 -invariant way. Thus the conclusion follows from the argument used to prove the invariance of the contact classes of contact 3-manifolds; see Section 3 of [HKM] for details. Figure 6 .2. The arc a 1 is obtained from a by a sequence of arc-slides, and a is obtained from a 1 again by a sequence of arc-slides. During the process, the arc-slides we perform do not pass through the basepoint p.
From the things we have proven so far, we see that we have found a well-defined transverse invariant. Although we have not proven the naturality of HF K Z2 (Σ(K), K), we can still define its well-defined element, which depends only on the transverse isotopy class of K in S 3 .
Theorem 6.8. The elementT Z2 (S, p, φ, a) depends only on the transverse isotopy class of transverse knots which (S, p, φ, a) encodes.
Arc-slide of type II. Given a whole arc a w and a half arc a h in an extended arc basis a, we can replace a w by another whole arc a
